Virtual algebraic Betti numbers for real algebraic varieties are constructed from the property of additivity of d-algebraically constructible homologies.
The theorem of Bröcker and Scheiderer (cf. [Br] , [S] ) on the stability index of real varieties implies that any semialgebraic chain modulo 2 is a 0-algebraically constructible chain. Hence the 0-algebraically constructible homology is in fact the Borel-Moore homology. d is the dimension of the algebraic homology group of X (see [P] ), hence it is the number of its irreducible components.
Suppose that H
It is shown in [P] Example 1: Let X be the union of the (n + 1) coordinate hyperplanes in R n+1 . Then we have
Indeed let I = {i 1 , . . . , i k } be a non empty subset of {1, 2, . . . , n + 1}. Denote by α I the class of the semialgebraic subset defined by
Then the α I 's form a basis of H n (X), and among them the (−k)-algebraically constructible cycles are generated by the α I with card I ≤ n + 1 − k (for which there are at most n − k inequalities in the definition of A I ).
We have the following property of additivity.
Proposition 2. Let π : Bl C X → X be the blow-up of the non singular compact variety X with nonsingular center C ⊂ X. Let E denote the exceptional divisor. Then for all i,
when these numbers exist.
Proof. Put X = Bl C X. We have the following morphism of exact sequences:
which induces the long exact sequence
is the group of (−d)-algebraically constructible chains. The map I(π) is in fact a morphism of complexes. By Lemma (12.9) of [R] it has the property that in our case π * • I(π) = id (since π is dominant and induces an isomorphism on function fields).
The surjectivity of the map π * : H
(X) implies that this sequence splits into short exact sequences
Hence Theorem 1.3 in [MP] gives us:
is finite for every compact non singular real variety X. Then there exists a unique group homomorphism
Remark 4: When these numbers exist, one can define the virtual Poincaré polynomial
is not a ring homomorphism, except in the case d = 0 (cf. [MP] ). Does there exist a formula involving Betti numbers of level d which is multiplicative?
For d = 0 we recover the virtual Betti numbers of [MP] : β 0 i = β i in their notation. Unfortunately in most cases we do not know if the algebraic Betti numbers are well defined.
However we have:
Let X be a compact nonsingular real algebraic variety (defined over R), of dimension less than or equal to (k + 1). Then its (−k)-algebraically constructible homology is the following:
(X) is isomorphic to (Z/2Z) s , where s is the number of connected components of X. Indeed the (−k)-algebraically constructible chains of dimension (k+1) are the semialgebraic sets whose characteristic functions are of the form 1+sign f 2 mod 2 where f is a regular function over X (see [P] ). Using Stone-Weierstrass Theorem (see [BCR] for example), for each connected component C of X, there exists a regular function positive on C and negative on X \ C. Hence H [P] , Proposition 31) hence it is finite.
t where t is the number of irreducible components of X, and H (−k)−ac r (X) = 0 for r < k.
• Finally if dim X < k, then all the (−k)-algebraically constructible homology groups are zero.
This gives us already some examples for k = 1 (curves and surfaces):
The β i of [MP] distinguish the two "figure eight" curve of their example 2.7 (a quartic (X 1 ) and two circles tangent at a point (X 2 )). Our Betti numbers of level 1 already distinguish them in the non virtual setting. Indeed b 1 1 (X 1 ) = 1 and b 1 1 (X 2 ) = 2. If Y 1 is the quartic x 4 − 4x 2 + 1 + y 2 in the plane (it has two connected components), then b 1 1 (Y 1 ) = 1, whence if Y 2 is the disjoint union of two circles, b 1 1 (Y 2 ) = 2. But they are semialgebraically homeomorphic and nonsingular, hence they have the same virtual Betti numbers in the sense of McCrory and Parusiński.
If T 1 is the torus obtained by making Y 1 turn around the y-axis, and T 2 is obtained by making the circle of center (2, 0) and radius 1 (in the plane (x, y)) turn around the y-axis, they have the same (virtual and non virtual) usual Betti numbers. But in the first case the homology in codimension 1 is not completely algebraic:
Returning to the general case, we have seen that the algebraic Betti numbers of level k are well defined for nonsingular compact varieties of dimension ≤ k + 1. Call K 0 V k+1 R the Grothendieck group of the varieties of dimension less than or equal to k + 1. Following the proof of Theorem 1.3 in [MP] , we get:
Corollary 5. For any k ≥ 0, and any 0 ≤ i ≤ k + 1, there exists a unique group homomorphism
Take for example k = 1: for surfaces we get two virtual Betti numbers of level 1, β 1 2 and β 1 1 . In fact β 1 2 = β 0 2 as they are the same for nonsingular compact surfaces and are 0 in lower dimension.
For the sphere S 2 blown up in n points we have β 1 2 = 1 and β 1 1 = n. Now take the surfaces X j = R 2 \ Γ j (j = 1, 2) where Γ 1 is the cubic with two components y 2 = x 3 − x and Γ 2 the disjoint union of a circle and a line. In [P] it was shown that they have the same Betti numbers except b 1 2 . They also have the same virtual Betti numbers except β 1 1 that is −1 for X 1 and −2 for X 2 (it is −β 1 1 (Γ j ) ).
We have also the following:
Proposition 6. Let X be a nonsingular compact variety. Then H
Proof. Let α be a nonzero class in H d (X). Assertion 2.9.4.1 in the proof of Lemma (2.9.4) in [AK] implies that there exists a composition of finitely many blow-ups at nonsingular centers
Hence by Stone-Weierstrass, we can find a polynomial on Z whose sign on Z 0 is 1 and elsewhere −1. This means that [Z 0 In the particular case where dim(X) = 3, we have furthermore injectivity: Proposition 7. Let X be a non singular compact real variety of dimension 3. Then H
Proof. We show that the map H (−1)−ac 2 (X) → H 2 (X, Z/2Z) is injective: take a (−1)-algebraically constructible cycle c of dimension 2, and suppose it is the boundary of a semi-algebraic chain b of dimension 3. Then we show that b is in fact (−1)-algebraically constructible, hence this cycle is 0 also in H
Indeed c is a sum of 1-basic sets: we can write it c = S 1 + . . . + S n , with S i 1-basic in the irreducible 2-dimensional variety V i (the V i can be chosen distinct). Call S i the constructible subset of the real spectrum of P(V i ) (the ring of polynomials of V i ) given by the same inequality as S i (see [BCR] ). By the criterion of [AR] , each intersection of S i with a fan of cardinal 4 in the real spectrum of the function field K(V i ) has to be even (for the definition and properties of fans we refer to [BCR] and [AR] ).
We want to know if b is (−1)-algebraically constructible, i.e if it is a sum of 2-basic sets. Let S be a semialgebraic set defining b. We may assume that X is irreducible. Consider the function ϕ = 4 × 1 S . It verifies that for any fan F of cardinal 1, 2 or 4 in the real spectrum of K(X), we have α∈F ϕ(α) ≡ 0 mod |F |. Hence by the criterion of Becker and Bröcker (c.f [BB] , see also [Bo] ), it is (generically) an algebraically constructible function if and only if α∈F ϕ(α) ≡ 0 mod |F | for any fan F of cardinal 8 (because any finite fan in a 3-dimensional variety is of cardinal at most 8). By the characterization of k-algebraically constructible chains in [P] (in fact by the definition that was given there), this means exactly that b is (−1)-algebraically constructible if and only if for every fan F of cardinal 8, S ∩ F has even cardinality.
So take a fan F of cardinal 8 in the real spectrum of K(X). Using the same trick as in [Bo] in the proof of Theorem 2, we can assume that F is compatible with the valuation ring O X,V i for one of the V i . Let F i be the fan specialization of F on the real spectrum of K(V i ). It has cardinal 4. The component of the boundary of S on V i is S i . Hence an ordering of Spec r K(V i ) belongs to S i if and only if exactly one of its two pullbacks by O X,V i in Spec r K(V ) belongs to S. So the cardinalities of the intersection of S i with F i and of the intersection of S with F must have the same parity, i.e they are both even.
Remark 8: This proof fails in higher dimension because the characterization with fans of sums of d-basic sets is not known (see [Ma] , Question 2): suppose that a constructible function ϕ : Spec r K(V ) → {0, 1} (V algebraic variety) is such that α∈F 2 d ϕ(α) ≡ 0 mod |F | for any fan F of cardinal 2 d+1 . Does there exist a constructible function ψ divisible by 2 d+1 such that 2 d ϕ + ψ is an algebraically constructible function? (it means: is ϕ the sum of characteristic functions of d-basic sets?) Let us summarize the situation in dimension less than or equal to 3:
We have virtual Betti numbers β 0 3 = β 1 3 = β 2 3 and β 3 3 , in general different from the previous one; then β 1 2 = β 0 2 (this equality holds because of the equality in the compact nonsingular case and the equality already mentioned of these numbers in dimension 2) and β 2 2 ; finally we have β 0 1 ; the question remains of the existence of β 1 1 for variety of dimension 3. Remark 9: We observe that in low dimension "there is nothing" between β d d (which should correspond in general in the smooth compact case to the dimension of the algebraic homology) and β 0 d (corresponding in the smooth compact case to the usual Betti numbers). Moreover Proposition 6 suggests that it should always be the case, provided we get injectivity of H (−k)−ac d (X) → H d (X) for any compact nonsingular X and any k > 0.
However, in the singular case, the non virtual algebraic Betti numbers can be all different each from another (cf. Example 1).
